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ON SYMMETRIC FUNCTIONS. 



By DE. E. D. ROE, Jr., Associate Professor of Hatbematies in Oberlin College. 



[Presented at the October meeting of the American Mathematical Society.] 

The object of the following paper is to call attention to certain methods of 
treating symmetric functions of the roots of an equation from two quite different 
standpoints. From the first standpoint the symmetric function as a whole as 
expressed in terms of the coefficients of the equation is considered ; from the sec- 
ond, the isolation of one of these terms with its numerical coefficient is the object 
of investigation. Accordingly the paper is divided into two chief divisions. We 
proceed to the first. 

I. SYMMETRIC FUNCTIONS AS A WHOLE. 

It is not the writer's purpose to reproduce the many formulas and meth- 
ods which are already given in works on algebra for expressing symmetric func- 
tions as a whole. Only one of them will be noticed, and attention called to two 
others, as follows : 

A. Formulas. 

1. Brioschi's Formula in Terms of the 8's. 
(1). Statement of the Formula. 

In 1864 in the Annali di Tortolini (t. 5, pp. 427-8), Brioschigave without 
proof the following formula : 



,2a,i>>a < Pi...,..a B 



v»- 



where «n=« Pl , Mss==«p,, w 12 W2,=Sp 1+Pj1 u r ,u H u, u «xr=«pr+p»+j>< ?*• 

(2). ^4n Inadequate Statement. 

This formula seems to have lost the clearness of Brioschi's statement in 
Faa di Bruno's BinUre Forman, p. 8, so that the statement there made is inad- 
equate. The writer has given a correction and proof of the formula (June-July 
number, 1898, pp. 161-4, of the Monthly). 

(3). Critical Value of the Formula. 

Taken in connection with the formula 
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of degree r and weight r as seen by developing in terms of the elements of the 
last line, it affords an example of a complete theoretical solution of the problem 
of expressing the symmetric function 2a t P'a t P> «„p» in terms of the coeffi- 
cients of the equation, and gives at once the theorems concerning rationality and 
weight ; but on account of the theorem concerning order it is clear that this ex- 
pression must contain many superfluous terms which destroy in the working out, 
and is therefore little adapted to practical purposes. 

2. Gobdan's Fobmula in Tebms of the a's. 
(1). Statement of the Formula. 

The following theorem is due to Professor Gordan, and Was stated to the 
writer by him. If we multiply the alternating function 



D = 



1 a, a, 2 a,*- 1 

1 a t a* ^j" -1 

1 O/n ««* Wn" -1 



by 2a ^a^' a„P» supposing the p's to be all different, [If k t of the p'a are 

Pi, fc*i Pi, k> Pr, we must divide the result by fc,l k t l ifc r ! to obtain 2.] 

the result is the same as if we apply the n exponents of 2 to the columns of D 
in all n I permutations of the same, and take the sum of the n t determinants so 
resulting. This operation Professor Gordan indicates as [ j),p 2 p„] and its 



expansion as ^(p<,J><, + l 2?i„ + «— 1), where i t , i s i„ form a permu- 
tation of the numbers 1, 2, w. Thus we have the formula 

DSa^P.a^ (*,, p "=[piP<< Pn]=^2(Pi,1\ + l Pi., + n— 1). 

(2). Application of the Formula. 

To apply it we notice that the matrices 
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correspond, and from the theorem that "the corresponding determinants of cor- 
responding matrices are proportional,"* that 



D=p< 
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When, as often happens, any of the numbers p,+i r , p s +?' s , in a parenthe- 
sis, are equal, such symbolic parenthesis reduces to zero, because the determin- 
ant thereby signified has at least two columns equal. The values of the non- van- 
ishing symbols are then read off from the second matrix by the help of the theo- 
rem concerning corresponding matrices, the factor p being added and the correct 
sign factor of the corresponding determinant. The factor p will then divide out 
and the result gives 

a, l "2« t P<a ; ,P' rr„J>" 

which equals the algebraic sum of a number of determinants in the a's of the 
nth order. 

(3). Proof of the Formula. 

I have proved this theorem as follows : We will begin by considering 
some simple examples. 

a. It is required to find ^'« 1 P'« a ^foraquadraticequationffl ri « s + n 1 a;-|-a s 
=0. The matrices are 



1 «r, tf, 8 u* 
1 (H, rtv ««? 



and 
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*Qordan, Determinants, p. 95. 



We indicate D2a l Pia t Pf={p x p t ). We perform the operation indicated on the 
left hand side in detail. We have 



(« 8 — a l )(a l P>a s P' + a 1 P*at i P>)=a 1 »a i P'+ 1 + a/ i P*/y ls Pi+ l — a 1 P-+ 1 a i P^— a t P'+ l a s P> 



I a i Pia i P'+ 1 

J a 9 P'a lt P*+ 1 
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a i P'nr t Pi+ 1 



by taking the first and fourth, and the second and third terms together. If we 
had multiplied 



1 at, 
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by 2a iP'tx^p* as 
we should have obtained 
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If we compare with the previous result, we see that we could convert one into 
the other by exchanging in each the two secondary diagonal terms which is per- 
mitted. We choose the result first obtained and symbolize it by (PiP s +l) 
+ (p a p,+D, where in (PtPt + 1) Pi is the exponent of the first, and p % + \ that 
of the second column of the determinant for which it stands. We write com- 
pletely 

/>.2a 1 *.fl' s *.=(p 1 j> t )=:(p t p,-|-l) + (i>.p 1 +l). 

b. We will apply this formula to the calculation of the symmetric func- 
tions required by the resultant of two quadratic forms, 

fx=a B z* +a i x+a g =a 9 (x— a,)(x— a 2 ). 
^=6„a;2 + 6,9;-|-6 2 =6 (a:-/i I )(a;-^). 

The resultant of these forms is 

a^(b^2a*a^ + b a b l 2a 1 t a t +b 9 b s 2a*+b % *2a 1 a t +b i b ft 2a i + b t t ). 

c. We comprehend the results together in the following table. The sign 
of the determinant which corresponds to (a-,^/?,/*) is by the theorem of corres- 
ponding matrices, 

(_l)(l+2) + (A + l-M + l):=(_i)A + /<4-l. 

We also observe that (AA)— 0, and do not write 0. 
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d. Substituting these values we have for the final result the function of 
the coefficients of the two quadratics 

b ft 8 a 2 2 — b &,a 1 « 2 + 6 (( 6 2 (a l 2 — 2a a 2 ) + 6, s a o a 8 — 6,6 8 a o, + & 2 2 a 2 . 

e. We will now take another step and consider 2a 1 Pia 2 P*a s P*. We wish 
to show that we obtain the same result when we apply the exponents in all pos- 
sible permutations to the columns of D that we obtain when we apply them to 
the rows, and obtain D2a J P'a i P*a 3 P'. To prove this we need only show that to 
every term of the second formation corresponds exactly the same term in the first 
formation. First, it is clear that the number of terms in each formation is (3 !) 2 
==36. Next, take a term like a^P'+ 1 a„P'+ i a^ of the second formation. It must 
have come from 
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which signifies that D has been multiplied by a^a^a^P' of 2a 1 Pta^P*a z P*, the 
first row by a,**, the second by <* 2 p >, and the third by a 8 P«, and here as the ex- 
ponents come to be applied to the rows as the result of the multiplication, they 
are legitimately applied. Again write D changing columns into rows, and obtain 
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Next inquire by what substitution ar J i , 3+ 1 ar 8 :Pi+ 2 a' s * , » came from the pre- 
vious determinant d'. We see that it corresponds to 1st line 2d column, 2d line 

o o i) ■ Now in order 

that we may arbitrarily affix the exponents to the rows of Das last written, which 
is the same as affixing them to the columns as before written, and obtain this 
term, at least numerically, we must have p 3 with the second line, p, with the 
third, and p s with the first. Thus we must have 
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which signifies that the exponents p are to be arbitrarily affixed to those of the 
corresponding line. 

What substitution now gives the term in this determinant ? We see that 
it corresponds to 2d line 1st column, 3d line, 2d column, 1st line 3d column, or 

to(l o 3); and this last substitution is the reciprocal of the preceding („ „ .) 

and has the same sign with it. We see farther that to every term of d' corres- 
ponds one and only one determinant like d,, and in d, there is one and only one 
term equal to the given term of d'. To the six terms of d' correspond the six 

determinants of d, , d 2 , d 6 ; to the six terms of d" correspond the same six 

determinants d, , d 6 , and so on; to the 36 terms of the six determinants 

d', d', d vl , correspond the six determints d, , d,, and conversely to 

the 36 terms of the six determinants d, , d 6 , correspond the six determin- 
ants d', d", d vl . Thus the 36 terms of the one set are equal to the 36 

terms of the other set, and the results of the two operations are identical. 

/. We may express the result of this example more briefly if we write : 
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and take any one of the 36 terms obtained by applying the 3 ! substitutions 

(1 2 3\ 
. . . ) where the j's are the numbers of the columns, to the six determinants 
ji Ji JtJ 

that arise from the 3 ! permutations of the i's which form a permutation of the 

numbers 1, 2, 3. We obtain a term of the form 



a , P', ■; J. -ifl- g V, +h -!«,, p-3 H-J.-1, 
fTo he continued.] 



